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Abstract 

Using the Mandelstam-Tamm method we derive time-energy un- 
certainty relations for neutrino oscillations. We demonstrate that the 
small energy uncertainty of antineutrinos in a recently considered ex- 
periment with recoilless resonant (Mossbauer) production and absorp- 
tion of tritium antineutrinos is in conflict with the energy uncertainty 
which, according to the time-energy uncertainty relation, is necessary 
for neutrino oscillations to happen. Oscillations of Mossbauer neutri- 
nos would indicate a stationary phenomenon where the evolution of 
the neutrino state occurs in space rather than in time. A Mossbauer 
neutrino experiment could provide a unique possibility to reveal the 
true nature of neutrino oscillations. 

1 Introduction 

The observation of neutrino oscillations in the Super-Kamiokande atmos- 
pheric PQ, SNO solar [2], KamLAND reactor [3] and other neutrino exper- 
iments jU [?l [U, [9] is one of the most important recent discoveries in 
particle physics. Small neutrino masses can not naturally be explained by 
the Standard Higgs mechanism. Their explanation requires a new mecha- 
nism of neutrino mass generation beyond the Standard Model. At present, 
the see-saw mechanism [10], which is based on the assumption of a viola- 
tion of the total lepton number at a scale which is much larger than the 
electro weak scale, is considered as the most plausible mechanism of neutrino 
mass generation. The see-saw mechanism requires for neutrinos with definite 
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masses to be Majorana particles. The discovery of the neutrino-less double 
/3-decay (see [H]), which is allowed only if massive neutrinos are Majorana 
particles, would be a strong evidence in favor of the see-saw idea. 

Existing neutrino oscillation data are perfectly described if we assume the 
three-neutrino mixing (see [T2l [13] ) 

3 

vil(x) = ^2Unv iL (x) (Z = e,/i,r). (1) 

i=l 

Here v\^{x) is the field of the flavor neutrino vi, Vi{x) is the field of neutrinos 
with mass rrii and U is the 3x3 unitary PMNS [HI [15] mixing matrix which 
is characterized by three mixing angles #12, #23 and #13 and the CP phase S. 

The standard expression for the probability of the transition v\ — > vy has 
the form 

P^, = ll>'< Ul\ 2 . (2) 

i=l 

Here E is the neutrino energy, L is the distance between the neutrino source 
and the neutrino detector and Am^ = mf — m 2 ,. 

The probability P(z^ — > vy) depends on six parameters (two mass-squared 
differences, three angles and one phase). From the analysis of the data of 
neutrino oscillation experiments follows, however, that the parameter Amf 2 
is much smaller than Am| 3 : 

Am 2 12 ~ 3 • 1(T 2 Am 2 23 . (3) 

Thus, at Am^^ ~ ^> *' e- ' ^ n ^ ne atmospheric and accelerator long-baseline 
(LBL) region, in first approximation we can neglect the small contribution 
of Am| 2 to the transition probabilities. In this case, the probability of v\ to 
survive takes the two-neutrino form (see [T2] ) 

P„ = P M = 1 - ~ B n (1 - cos Am 2 23 —) . (4) 

Here 

B u =A\U l3 \ 2 (1-|^ 3 | 2 ) (5) 

is the amplitude of the oscillations. 

From (jlj) we find the following expression for the u e —> u e survival prob- 
ability 

Pp e -P e = l ~ \ Sin2 2d ^ t 1 ~ C ° S Am '3^) • (6) 
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In the reactor experiment CHOOZ [16J no indications for neutrino oscillations 
driven by Am| 3 were found. From the exclusion plot obtained from the data 
of this experiment, the following upper bound was found for the parameter 
sin 2 6»i3 

sin 2 0is < 5 ■ 10- 2 . (7) 

Neglecting the small contribution of sin 2 # 13 , we find from (J3J) and §5§ in the 
atmospheric-LBL region of -| the following expression for the probability of 
Ufj, to survive: 

P« \ sin22 ^3 (1 - cos Am 2 3 A) . ( 8 ) 

In the KamLAND region (Am^ > 1) the probability of the transition 
v e — > v e is given by (see [T71 [12]) 

Pp^p, = It/esl 4 + (1 - \U e3 \ 2 ) 2 ^sin 2 2£ 12 (1 - cos Am 2 2 A) . ( 9 ) 

Thus, in the approximation \U e3 \ 2 — > we have 

Ppe-Pe - 1 - l sin 2 26 l2 (1 - cos Am 2 2 A) . (i ) 

The expressions (IE|) and ( TlTJl) are widely used in the analysis of the neutrino 
oscillation data. From the analysis of the data of the atmospheric Super- 
Kamiokande experiment, the following 90% CL ranges were obtained for the 
parameters Am^ and sin 2 2# 2 3 [1] 

1.9 ■ 1(T 3 < Am 2 3 < 3.1 ■ l(T 3 eV 2 , sin 2 2 9 23 > 0.9. (11) 

The following best-fit values of the parameters were found in [1] 

Am 2 3 = 2.5 • 10~ 3 eV 2 , sin 2 2 6 23 = 1. (12) 

The results of the Super-Kamiokande experiment have perfectly been con- 
firmed by the accelerator K2K [8] and MINOS |9] long baseline neutrino 
oscillations experiments. The analysis of the MINOS data gave the result 

Am 2 3 = (2.38+^) • 10" 3 eV 2 , sin 2 2 9 23 > 0.84 (90% CL). (13) 
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From the global analysis of the recent data of the reactor experiment Kam- 
LAND and the data of the solar neutrino experiments the following values 
were obtained for the parameters Am^ and tan 2 9 12 [3]: 

Amj 2 = (7.59^; 2 1) ■ 1(T 5 eV 2 , tan 2 9 12 = 0.47l°;™ (14) 

Concerning the study of neutrino oscillations, a new stage of high-precision 
experiments starts at present. In the future DOUBLE CHOOZ [18] and 
Daya Bay [19] reactor neutrino experiments, the sensitivities to the parame- 
ter sin 2 26 , 13 will be about 10-20 times better than in the CHOOZ experiment. 
The same sensitivity is planned to be reached in the accelerator T2K experi- 
ment [20] . In the latter, the parameters Am 2 3 and sin 2 26*23 will be measured 
with the accuracies S(Aml 3 ) ~ 10~ 4 eV 2 and <5(sin 2 26*23) ~ 10~ 2 , respec- 
tively. High precision neutrino oscillation experiments are planned at the 
future Super Beam, Beta Beam, and Neutrino Factory facilities |21j . 

In spite of the big progress in the investigation of neutrino oscillations 
and of future prospects there was not so much progress in the understanding 
of the physics of neutrino oscillations. 

Two factors of different origin determine the neutrino transition proba- 
bility (T5]): 

• The elements of the mixing matrix U which characterize the mixed 
states of flavor neutrinos 

i 

where is the state of a neutrino with the mass rrii and momentum 
Pi- 
rn The oscillation phases 

&k = Am *k7^ (16) 
which are determined by the evolution of the vectors \vi). 

Different authors make different assumptions on the neutrino states with def- 
inite masses \ui) (same momenta and different energies (see [221 123]), same 
energies and different momenta (see [2HE21EE]), different momenta and dif- 
ferent energies (see [27J, ESI EH])) and different assumptions on the evolution of 
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these states (in time or in space and time). These completely different phys- 
ical assumptions lead to the same standard expression (j2J) for the transition 
probability (see, for example, [30J ) . Thus, the study of neutrino oscillations 
in usual neutrino oscillation experiments does not allow to distinguish dif- 
ferent hypotheses on the states of neutrinos with definite masses and their 
evolution. We showed in [3U] that a new type of neutrino experiment with 
resonant recoilless (Mossbauer) emission and absorption of monochromatic 
v e from atomic two-body tritium decay, proposed in [311 [32], would allow 
to discriminate different basic assumptions on the theory of neutrino oscilla- 
tions. 

If neutrino oscillations are a non-stationary phenomenon, the time-energy 
uncertainty relation holds for such a process (see [331 Elj)- In the following 
section we will obtain the time-energy uncertainty relation for neutrino os- 
cillations using the general Mandelstam-Tamm method [35] . We will discuss 
the Mossbauer neutrino experiment from the point of view of this relation. 
We will show that the Mossbauer neutrino experiment could allow to answer 
the fundamental question: is the time-energy uncertainty relation applica- 
ble to neutrino oscillations, i.e. are neutrino oscillations a non-stationary 
phenomenon? 

2 Time-energy uncertainty relation for neu- 
trino oscillations 

Uncertainty relations play a fundamental role in quantum theory. They are 
based on general properties of the theory and manifest its nature. There are 
two different types of uncertainty relations in quantum theory: the Heisen- 
berg uncertainty relations and the time-energy uncertainty relation. 

All uncertainty relations are based on the Cauchy-Schwarz inequality (see, 
for example, [36] ) 




Here A and B are Hermitean operators, AA and AB are the standard devi- 
ations and |\&) is some state. We have 





(17) 



AA 



(A - A) 2 I*) 



A 2 - (A) 2 , 



(18) 



5 



where 

A=(V\A\V). (19) 

The Heisenberg uncertainty relations are a direct consequence of the inequal- 
ity (fTTj) and the commutation relations for the operators A and B. For 
example, from the commutation relation 

M = t (20) 

and the inequality (fTTj) . we derive the standard Heisenberg uncertainty rela- 
tion 

Ap Ag > - (21) 

for the operators of the momentum p and the coordinate q. Let us stress that 
the Heisenberg uncertainty relations for canonically conjugated quantities 
have a universal character: the form of these relations does not depend on 
the state 

The time-energy uncertainty relation has a completely different character. 
This is connected with the fact that time in quantum theory is a parameter 
and there is no operator which corresponds to time. 

The time-energy uncertainty relation is based on the fact that the dynam- 
ics of a quantum system is determined by the Hamiltonian. The most general 
method of derivation of the time-energy uncertainty relation was given by 
Mandelstam and Tamm [35] . 

According to general principles of the quantum field theory, in the Heisen- 
berg representation for any operator 0(t), which does not depend upon time 
explicitly, we have (see, for example, [33 EB]) 

i^=[0(t),fl], (22) 

where H is the total Hamiltonian (which does not depend on time). From 
(fTTj) and ([22]) we find 

AEAO(t)>±\±0(t)\ ■ (23) 

Here 

0(t) = (V H \ 0(t) I**) = (tf(t)| O \*(t)) , (24) 
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where O and \^{t)) are the operator and the vector of the state in the 
Schrodinger representation. 

It is evident from (123]) that in the case of a stationary state (AE = 0) for 
any operator 0(t) the average 0(t) does not depend on t . 

The relation (1231) can be written in the form of the time-energy uncer- 
tainty relation 

AE At > - , (25) 

where 

Ai = 4£W. (26) 

The relation (125|) . unlike the Heisenberg uncertainty relations, does not have 
a universal character. For example, for a wave packet, At is the time interval 
during which the wave packet passes a fixed space point, for an excited state, 
At is the life-time of the state, etc. (see [351 139]). 

From the Mandelstam-Tamm relation (1231) we will now obtain the time- 
energy uncertainty relations for neutrino oscillations. Let us choose O = Pi, 
where 

Pi = Wi)(vi\ (27) 

is the operator of the projection on the flavor neutrino state ((vi>\vi) = Sin, 
where I = e, fi,r). It is obvious that 

if = P l . (28) 

The average value of the operator P\ is given by 

m = i^mm 2 ■ m 

Thus, Pi(t) is the probability to find the flavor neutrino V\ in the state \^f(t)). 
We will assume that |^(0)) = In this case we have 

Ptit) = P Vl ^ n (t) , (30) 

where P Ul ^ Ul {t) is the probability of the flavor neutrino V\ to survive. Obvi- 
ously we have 

P^(0) = i, P^(t)<l, t>0. (31) 
Taking into account (128]) . we have 



APM = J P Ul ^ ul (t) - P*(t) . (32) 
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The inequality (1231) takes the form 

ae > - \i p ^M (33) 

2 yj P^V) - P*^) 
We will consider the survival probability P V[ -> ul (t) in the interval 

< t < t lmin , (34) 

where ti m i n is the time at which the survival probability reaches the first 
minimum. In this interval 4fP Vl -+ l , l (t) < 0. After the integration of the 
inequality (1331) over the time from t = to t we find 

AEt -l (i - arcsin(2 P n -+ Ul (t) - 1)) . (35) 

The expressions fll]), ([8]) and (TlOT) for the survival probabilities which, as 
we stressed before, describe all existing experimental data, depend on the 
distance L between the neutrino production and detection points. However, 
for ultrarelativistic neutrinos 

L ~ t . (36) 

We will assume in accordance with (1301) that the transition probabilities 
depend on time. Let us consider P v (t) for transitions in the atmospheric- 
LBL region which are driven by Am| 3 . From (JSJ) and (TT2"]) we have 

^,(*SL)-0, (37) 

where 



E 

l 23 



S = 21 AmT' (38) 



1 The relation (l36|) was confirmed by the K2K [8] and MINOS [9] neutrino oscillation 
experiments. In the K2K experiment neutrinos are produced in 1.1 /is spills. Protons are 
extracted from the accelerator every 2.2 s. It was found that 

-0.2 <(t- L/c) < 1.3 fxs . 

Here t — {tsK — t-K ek\ where tx ek is the time of the neutrino production at the KEK 
accelerator and tsx is the time of the neutrino detection in the SK detector. 
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From (|3"5]) . (137)) and (1381) we obtain the following time-energy uncertainty 
relation for the neutrino oscillations driven by Am| 3 

A£ tgj > tt , (39) 

where 

= 2tf m l = 4tt (40) 

is the period of neutrino oscillations in the atmospheric-LBL region. 
The condition (1391) is satisfied if the term 

I (l-cosAml,^) (41) 

in is changed in the interval (1341) from to 1. In the expression for the 
survival probability the term (|4ip is multiplied by the oscillation amplitude 
which is determined by the mixing angle. In order for neutrino oscillations 
to be observed not only the term (|4ip has to be changed significantly in the 
interval (13~4"]) but also the mixing angle must be relatively large. This means 
that if the mixing angle is small the time-energy uncertainty relation (1391) 
is only a necessary condition for neutrino oscillations driven by Am| 3 to be 
observed. 

Driven by Am| 3 , the probability of v e to survive in accordance with the 
results of the CHOOZ experiment is close to one. Let us apply inequality 
( 135|) to this case. From (jSJ) we have 

Pp^p e (4 2 m t) = l-sin 2 2^ 13 , (42) 

where 4mm * s gi ven by (JMD- From the results of the CHOOZ experiment [TB] 
follows that 

sin 2 2# 13 <2-10- 1 (43) 
Up to sin 3 2# 13 terms we have the following expansion 

arcsin(2 P^uX^X) - 1) - \ ~ 2v / sin 2 20 13 . (44) 
From ([35]) and (|44p we find for the v e —>■ v e transition the relation 

AEt^>2 sin2fl 13 , (45) 
which is much weaker than the time-energy uncertainty relation ( |39l ). 
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Let us now consider v e — > v e transitions in the KamLAND region. These 
transitions are due to v e ^ v^ T oscillations driven by Am 2 2 . From (TTU]) we 
have 

P^p e (*?lj = l-sin 2 20 12 , (46) 

where 

t ( 12 ) - 2vr E (47) 



Further from fl35|) we find 

A£ 4mL > 5 (| + arcsin(l - 2 (1 - sin 2 20*))) . (48) 

For the best-fit value of the parameter tan 2 9 12 we have 

sin 2 29 12 = 0.87. (49) 

With this value for sin 2 2^12 we obtain from (jl8|) with an accuracy of ~ 1% 
the following time-energy uncertainty relation in the KamLAND region 

AE tgj > (n - 2^/(1- sin 2 2£ 12 )) , (50) 

where 

is the period of oscillations driven by Am 2 2 . Using the value (T49"j) we have 

-0.72). (52) 



3 Recoilless creation and resonance absorp- 
tion of tritium antineutrinos 

In [31| [32] the possibilities have been considered to perform an experiment 
on the detection of the tritium u e with energy ~ 18.6 keV in the recoilless 
(Mossbauer) transitions 

3 H ^ 3 He + u e , u e + 3 He ^ 3 H. (53) 
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It was estimated in [51] that the relative uncertainty of the energy of the 
antineutrinos produced in (1551) is of the order 

^ ~ 4.5 • 1(T 16 . (54) 

With such an uncertainty it was estimated [31] that the cross section of the 
recoilless resonance absorption of antineutrinos in the process v e + 3 He — > 3 H 
is equal to 

(Xfj — 3 • l(T 33 cm 2 (55) 

Such a value is about nine orders of magnitude larger than the normal neu- 
trino cross section. 

For the tritium antineutrino with the energy ~ 18.6 keV the length of 
the oscillations driven by Am^ is given by 

L - - 2 - 5 ^i^) m * 186 m (56) 

It was proposed in [5T] to search for neutrino oscillations in a Mossbauer 
neutrino experiment. Such a measurement would allow to determine the 
parameter sin 2 # 13 (or to improve the CHOOZ bound (171)) in a neutrino ex- 
periment with a baseline of about 10 m. 

We will now discuss possibilities to observe neutrino oscillations in a 
Mossbauer neutrino experiment from the point of view of the time-energy 
uncertainty relations which we obtained in the previous section. 

From (1391) follows that for neutrino oscillations, which are driven by the 
"large" atmospheric Am| 3 , the energy uncertainty must satisfy the following 
condition 

E 4 E 2 v ' 

Thus, the expected neutrino energy uncertainty (1541) in the Mossbauer neu- 
trino experiment is about four orders of magnitude smaller than the minimum 
energy uncertainty which is required by the time-energy uncertainty relation 
( 139]) for neutrino oscillations to occur. 

It is of interest to see what energy uncertainty is required by the un- 
certainty relation in its weak form for neutrino flavour oscillations in the 
atmospheric-LBL region. From (T40|) and (j45|) we have 



AE ^ 1 Ami „ , . 

^2^ sin2e - < 58) 
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Using the CHOOZ bound for the value of the parameter sin 2# 13 we have 



A£ ^ 10 

— > 0.5 • 10- 12 . (59) 

In the future reactor and T2K experiments the sensitivity to the parameter 
sin 2 26*13 is planned to be improved by a factor of 20 [20J. If for the value of 
the parameter sin 2 26*13 we take the value sin 2 26*13 = 10~ 2 we have from fl58l) 

^>l-2-10- 13 . (60) 

Thus, the neutrino energy uncertainty (1541) in a Mossbauer neutrino experi- 
ment is several orders of magnitude smaller than the minimum energy uncer- 
tainty which is required even by the weak form of the time-energy uncertainty 
relation f)4"5]) . 

We will now discuss neutrino oscillations in a Mossbauer neutrino ex- 
periment which are driven by the "small" solar-KamLAND neutrino mass- 
squared difference Am 2 2 given by (fl4|) . In this case, the oscillation length 

(12) 

for the tritium neutrinos will be L osc — 600 m. Thus, the baseline of the 
experiment must be about 300-400 meters. This makes such an experiment 
very difficult. Let us see, however, whether the experiment is possible from 
the point of view of the time-energy uncertainty relation. From fl52|) we have 

AE . (-7T — 0.72) Am 2 14 . . 

Thus, the neutrino energy uncertainty required by the time-energy uncer- 
tainty relation for neutrino oscillations driven by Am 2 2 must also be larger 
than the estimated energy uncertainty in the Mossbauer neutrino experiment. 

We compared the required minimal neutrino energy uncertainty A^ with 
the value (1q"4"I) estimated in [3T] . However, it was stressed in [32] that due 
to inhomogeneous broadening (impurities, lattice defects and other effects), 
the real value for -S- can be still larger than that in (154"1) and inequality 
flBTj) could be satisfied. However, the maximal resonance effect would then 
be reduced accordingly. Because of the large baseline, such a Mossbauer 
neutrino experiment on the investigation of neutrino oscillations driven by 
the mass-squared difference Am 2 2 does not look feasible. 



12 



4 Conclusion 



In spite of neutrino oscillations having been observed in atmospheric, solar, 
reactor and accelerator neutrino experiments the nature of neutrino oscilla- 
tions is still an open problem. The Mossbauer neutrino experiment proposed 
in [3TJ E2] gives a unique possibility to test the origin of neutrino oscillations 

We consider here Mossbauer neutrino experiments from the point of view 
of the time-energy uncertainty relation, which connects the uncertainty of 
the neutrino energy with a characteristic time of neutrino oscillations. Using 
the general Mandelstam-Tamm method, which is based only on the assump- 
tion that the evolution of Heisenberg operators in quantum field theory is 
determined by the Hamiltonian, we derived time-energy uncertainty rela- 
tions for neutrino oscillations. We conclude that the small energy uncer- 
tainty of Mossbauer antineutrinos recoillessly emitted and absorbed in the 
3 H/ 3 He system is in conflict with the energy uncertainty which, according to 
the time-energy uncertainty relation, is necessary for neutrino oscillations to 
happen. 

There exist other approaches to neutrino oscillations which do allow os- 
cillations in the Mossbauer neutrino experiment (effectively due to phase 
differences of the states of neutrinos with different masses, same energy and 
different momenta; see the recent paper [40J, in which the propagation of 
virtual mixed neutrinos between the source and the detector was considered 
in detail, and also papers [211 [25| 126])). 

In paper [35] it is stated: "From definiteness of the total energy of a 
system follows the constancy in time of all dynamical variables." If prac- 
tically monochromatic Mossbauer neutrinos oscillate this would mean that 
neutrino oscillations do not follow this general quantum rule. Oscillations 
of Mossbauer neutrinos would indicate a stationary phenomenon where the 
evolution of the neutrino state proceeds in space rather than in time. Thus, 
the search for neutrino oscillations in the Mossbauer neutrino experiment 
gives us a unique possibility to test fundamentally different approaches to 
neutrino oscillations. Let us stress that such tests can not be realized in 
usual neutrino oscillation experiments (see [30J). 

In conclusion, we will summarize our main assumptions: 

• We consider neutrino oscillations in the framework of QFT. 

• We assume that in weak processes, flavor neutrinos are produced and 
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detected in mixed mass eigenstates. The states of flavor neutrinos are 
given by vectors (TTBT) . 

• The Mandelstam-Tamm method, which we use, is based on the as- 
sumption that the dynamics of a quantum system is determined by the 
Schrodinger equation. 

• We assume that for ultra-relativistic neutrinos, the average difference 
between the emission and absorption times is given by the distance 
between source and detector. 
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